We construct an effective Quantum Field Theory for the wrapping effects in 1+1 dimensional models of factorised scattering. The recently developed graph-theoretical approach to TBA gives the perturbative desctiption of this QFT. For the sake of simplicity we limit ourselves to scattering matrices for a single neutral particle and no bound state poles, such as the sinh-Gordon one. On the other hand, in view of applications to AdS/CFT, we do not assume that the scattering matrix is of difference type. The effective QFT involves both bosonic and fermionic fields and possesses a symmetry which makes it one-loop exact. The corresponding path integral localises to a critical point determined by the TBA equation.
Introduction
In 1+1 dimensional field-theoretical models with factorised scattering, the momenta and the energies of the particles forming a multi-particle excitation are not changed by the Hamiltonian evolution. This property makes possible to use the notion of a particle with given rapidity even after the theory is confined on a circle with asymptotically large circumference R. Asymptotically large signifies much larger than the correlation length, so that the exponential effects can be neglected. The asymptotic energy spectrum is computed by solving the Bethe-Yang equations which determine the allowed values of the momenta compatible with the periodic boundary conditions.
The leading order exponential corrections to the energy of the ground state, known as wrapping corrections, come from virtual particles wrapping the space circle. To compute the energy spectrum at finite volume R, one should evaluate the sum over all possible wrapping processes. An efficient and elegant way to do that, suggested by Alexey Zamolodchikov [1] [2] [3] , is to compactify also the time circle at asymptotically large distance L and formulate the problem in the mirror channel where the space and the time are interchanged. Then the sum over the virtual wrapping particles, which become real particles in the mirror channel, can be performed with the techniques of the Thermodynamic Bethe Ansatz (TBA) [4] . The sum is saturated by a saddle point determined by a set of non-linear integral equations for the particle densities known as TBA equations. This strategy works also in the AdS/CFT integrability [5] , where there is no explicit Lorentz invariance. In this case the dynamics in the physical and in the mirror channels look differently and one speaks of physical and mirror theories.
Although the TBA equations are derived for the thermodynamical state involving infinite number of particles, they are able to reproduce the Lüscher corrections [6] in the limit of asymptotically large R where the wrapping particles are scarce and the thermodynamical arguments are not justified. This suggests that the TBA equations are in fact exact identities for some statistical theory describing the grand canonical ensemble of virtual particles in the mirror channel. Such a statistical description, which technically represents an exact cluster expansion, was obtained by several authors in [7] [8] [9] [10] [11] [12] . The latter proved to be a useful tool to solve some concrete problems [13, 14] .
Another possible strategy to go beyond the thermodynamics is to consider the particle densities as fluctuating fields and evaluate the quantum corrections to the TBA equation. Woynarovich [15] found that the gaussian fluctuations lead to a non-extensive O(1) term in the free energy. Pozsgay [16] then pointed out that in case of periodic boundary conditions second subleading contribution coming from the Gaudin measure which cancels the first one. Very recently Jiang, Komatsu and Vescovi [17] proposed a path-integral formulation of the TBA partition function based on an action which, importantly, differs from the Yang-Yang potential, the most natural candidate for such an action. 1 The path integral proposed in [17] does generate an O(1) term through the gaussian fluctuations, but this can be easily cured by introducing an extra fermionic field which generates the Gaudin measure.
As a matter of fact, it is straightforward to formulate an effective QFT having as perturbative series the exact cluster expansion for TBA in the form given in [11, 12] . The idea for such a construction is contained in the field-theoretical proof of the matrix-tree theorem given in the appendis B of [12] . This QFT involves a pair of bosons as well as their fermionic partners and the bosonic part of the action matches the action proposed in [17] .
In this article we adress the inverse problem, namely to construct from first principles a conceptually satisfactory effective QFT whose perturbative description is given by the exact cluster expansion. To explain the construction in a simple setup, we consider a scattering theory for a single species of neutral massive particles and no bound states. For such a theory there are no Bethe strings and all excitations have real rapidities. The only example of such a theory is given by the sinh-Gordon model, but in view of possible applications to AdS/CFT, we do not assume relativistic invariance and the scattering matrix being of difference type. We only assume that the scattering phases in the mirror channel are obtained by analytical continuation of the scattering phases in the physical channel.
We are not going to construct explicitly the wave functions for periodic boundary conditions and in this respect our approach has no significant overlap with the field-theoretical derivation of the TBA equations using the form factor bootstrap discussed in [19] . Instead we will postulate that if the scattering theory is confined in a finite but asymptotically large volume, there exists, both in the physical and in the mirror theories, an over-complete set of normalised multi-particle states with unrestricted rapidities. Two distinct states are orthogonal if both sets of rapidities are on-shell, i.e. if they solve the Bethe-Yang equations. If the field theory can be constructed as a continuum limit of a spin chain, which is so in most of the interesting cases [5, [20] [21] [22] [23] [24] [25] [26] [27] , these states are the off-shell Bethe states of the Algebraic Bethe Ansatz.
The paper is organised as follows. In section 2 we introduce the Hilbert space and the operator content of the effective QFT. The Hilbert space is generated by two families of operators which we call wrapping operators because they create particles wrapping the main cycles of the torus. The wrapping operators associated with the same cycle strictly commute while the operators associated with two intersecting cycles commute by the scattering matrix. The modular invariance leads to operator constraints which are equivalent to the Bethe-Yang equations. The wrapping operators are represented as vertex operators acting in the Fock space of a pair of bosonic fields. The two bosonic fields are the operators for the scattering phases of a mirror particle wrapping the spatial or the temporal cycles.
In section 3 we represent the partition function on a torus with one of its periods asymptotically large as the expectation value in the Fock space of the effective QFT. We use the operator formulation of the Bethe-Yang equations to transform the sum over on-shell states into a contour integral. The integration measure involves the Gaudin determinant, which is taken into account by an extra pair of fermionic fields.
In section 4 we formulate the path-integral formultaion for the effective QFT is obtained by introducing two extra pairs of Hubbard-Stratonovich fields which generate respectively the bosonic and the fermionic correlators. We show that the path integral possesses a fermionic symmetry which gets it localised to the critical point of the action and renders the theory one-loop exact. For periodic boundary conditions the one-loop effects compensate completely.
In section 5 we consider the example of the sinh-Gordon model, where we show that the critical point of action is determined by the discrete Liouville equation. We conclude with section 6. Appendix A contains our conventions for the scattering phases in the physical and in the mirror channels. In appendix B we derive the operator representation of the Gaudin determinant.
2 Degrees of freedom of the effective QFT
Space and time wrapping operators
The effective QFT involves a minimal subset of the degrees of freedom of the original field theory after the latter is compactified on a torus with asymptotically large space and time circles. The Fock space of the effective QFT is generated by two families of operators, A(u) and B(u), associated with the two homotopy cycles, A and B, of the space-time torus. Here we adopt the following convention for the two cycles, A-cycle = temporal circle in the physical kinematics = spatial circle in the mirror kinematics , B-cycle = spatial circle in the physical kinematics = temporal circle in the mirror kinematics.
To avoid confusion let us stress that the Fock space we construct is not directly related to the Hilbert spaces of the physical or mirror theories. In particular, the mirror transformation is an automorphism of the Fock space.
The wrapping particles will be represented as non-contractible loops winding around the two cycles of the torus as shown in fig. 1 . This representation is natural in the microscopic picture based on a spin chain. When two lines cross, there is an additional scattering phase factor. Both types of wrapping particles can be defined off-shell and their rapidities can take any complex values. The M -particle off-shell states are labeled by the non-ordered set of rapidities {u 1 , ..., u M } and are assumed to be normalisable but not necessarily orthogonal. They are eigenstates of the Hamiltonian with eigenvalues given by the sum of the energies of the constituent particles. The on-shell states are singled out by the periodicity conditions on the rapidities and belong to a discrete spectrum.
Let us denote by A(u) the operator creating a particle of rapidity u in the physical kinematics wrapping the A-cycle. Similarly, denote by B(u) the operator creating a particle of rapidity u in the mirror kinematics wrapping the B-cycle. The operators A with real rapidities create real particles in the physical channel or virtual particles in the mirror channel. Conversely, the operators B with real rapidities create real particles in the mirror channel or virtual particles in the physical channel.
An operator defined in the physical theory can be transformed by analytic continuation u → u ±γ into an operator defined in the mirror theory and vice versa. 2 The inverse transformation will be denoted by u −γ . For the sake of clarity we give the list the four types of operators,
B(u)
-creates a mirror particle wrapping the B-cycle, A(u γ ) -creates a mirror particle wrapping the A-cycle B(u −γ ) -creates a physical particle wrapping the B-cycle.
A(u) -creates a physical particle wrapping the A-cycle,
The wrapping operators are holomorphic functions of the non-restricted rapidity variable u and their analytic properties are determined by those of the S-matrix. Since the off-shell states are by construction symmetric under permutations, the operators creating particles wrapping the same cycle commute. Morover, the expectation values of products of wrapping operators of the same kind factorise,
The expectation values for the virtual wrapping particles are related to those for the real particles by analytic continuation,
Now let us consider the expectation value involving both types of wrapping operators. For an observer positioned in the physical channel, the expectation value of N real and and M virtual particles, illustrated by Fig. 1 , is equal to the product of their Boltzmann factors and the scattering factors between the real and virtual particles,
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and introduce the vacuum state |R and the dual vacuum state L| so that
With the convention L|R = 1, the expectation value (2.5) is represented by the scalar product
A(w k )|R . With this definition the order of the operators inside the brackets does not matter.
Operator form of the Bethe-Yang equations
We would like to sum over the on-shell states without actually solving the Bethe-Yang equations. This can be achieved by reformulating the the on-shell conditions on the rapidities as operator constraints. The quantisation of the rapidities in the mirror channel is imposed by the periodicity conditions, which express the invariance of the expectation value under replacing the cycles A and B by A and B + A, applied separately for each particle. In terms of wrapping operators this signifies that the expectation value is invariant under replacing
The minus sign comes from A(v γ l )B(v l ) L,R = −1. Equation (2.10) is equivalent to the Bethe-Yang equations in the mirror channel,
whereS denotes the S-matrix in the mirror channel,
Intuitively, the insertion of the operator −A(v γ l ) has the effecy of adding an extra piece to the world line of l-th mirror particle: the particle travels around the mirror space before wrapping the mirror time circle, as shown in fig. 2 . 13) which imposes N constraints for the rapidities of the physical particles (the Bethe-Yang equatiins in the physical channel)
S(w l , w k ) = −1, l = 1, . . . , N.
(2.14) 6
Free-field realisation
The wrapping operators admit a representation as vertex operators for free fields, similar to for the ZF operators [28] . Since we are interested in computing the trace in the mirror channel, we associate the free fields with the wrapping operators in mirror kinematics, B(u) and A(u γ ),
The algebra (2.6) is satisfied if if the two fields have commutation relations 34
The action of the two bosonic fields on the Fock vacua is determined by (2.7).
where we introduced notations for the classical valuesφ • and ϕ • of the two fields,
More generally the classical value ϕ • can be chosen to be any linear combination of conserved charges densitiesh n (u) in the mirror theory,
with t 1 = R andh 1 (u) =Ẽ(u). The expectation value of operators built from the bosonic fields is defined again by (2.9), where the anti-normal ordering:: means that all operators ϕ should be put on the left of all operatorsφ. In terms of the gaussian field the on-shell condition for the mirror M -particle states takes the form
3 Partition function on the torus
The partition function as a sum over on-shell states
The partition function on the torus can be expressed as a thermal trace of the evolution operator either in the Hilbert space H in the physical channel or in the Hilbert spaceH in the mirror channel,
The first representation is also called L-picture while the second representation is called R-picture. When L is asymptotically large and R is finite, the sum in the R-picture is dominated by the ground state contribution since the relative contribution of the excited states is exponentially small. The trace in the R-picture is not accessible for calculation because the spectrum at finite R is not known. On the other hand, in the L picture we can replace the hamiltonianH L byH ≡H ∞ whose spectrum is given by the Bethe-Yang equations.
The M -particle on-shell states in the mirror channel are characterised by the semi-integer numbers n 1 < n 2 < ... < n M , called Bethe numbers, which arise in the logarithmic form of the Bethe-Yang equationsφ
The partition function in the L-picture is given by the sum over all Bethe numbers
with v = {v 1 , ..., v M } given implicitly as the solution of (3.2). The Bethe numbers should be all different because of the "fermionic" property (A.5) of the S-matrix. We would like to write this series as a Fock space expectation value. For that we need first to get rid of the condition that all rapidities in the sum in (3.3) are different. This condition can be relaxed by introducing "non-physical" solutions of the Bethe-Yang equations (3.2) such that the rapidities of two or more particles can coincide [8-11, 19, 29] . A stack of r identical Bethe roots u will be denoted by u r and r will be called multiplicity. The generalised M -particle states are characterised by the rapidities and their multiplicities v
The logarithmic form of the Bethe-Yang equations for such states is
Now the sum over "repulsing" Bethe numbers can be expressed as a non-restricted sum of mode numbers and their multiplicities
The last line is obtained by expanding the product of Kronecker symbols. A Bethe root of multiplicity r can be interpreted as a single mirror particle wrapping r times the R-cycle as shown in fig. 3 . The operator creating such a particle is 
where the trace is taken in the full Hilbert space. Assuming that R ⌧ L, our goal is to evaluate the leading term of the free energy
We restrict ourselves to the simplest case of a theory with diagonal S-matrix S(u, v) and one single type of quasiparticle excitation, but the argument is general. Here u is the rapidity variable, which parametrises the momentum p = p(u) of a quasiparticle in a convenient way. For a theory with diagonal scattering, the quantisation condition on a cylinder with circumference R is given by the Bethe equations which read, in the n-particle sector, j = 2⇡n j with n j integer, j = 1, . . . , M .
(
Here j is the total scattering phase for the j-th particle, or magnon,
The states in finite volume are labeled by discrete quantum numbers (3) and the identity operator in the M -particle sector of the Hilbert space can be decomposed as a sum of products of normalised states
If we denote by E M (n 1 , . . . , n M ) the eigenvalue of the Hamiltonian for the state |I 1 , . . . , I N i, the partition TBA and tree expansion 3
The states in finite volume are labeled by discrete quantum numbers (3) and the identity operator in the M -particle sector of the Hilbert space can be decomposed as a sum of products of normalised states X physical mirror r = (−1) r−1 r e −rϕ(u) .
(3.6) An r-wrapping particle scatters with itself r − 1 times, which yields a factor [S(u, u)] r−1 = (−1) r−1 . The combinatorial factor 1/r counts for the Z r cyclic symmetry of the r-wrapping loop.
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with each contour of integration encircling the real axis anticlockwise. Expanding the differentials we write, more explicitly,
where the last factor is the Jacobian of the change of variables from the phases to the rapidities known also as Gaudin determinant,G
Now we are going to represent the integrand in (3.8) as a Fock-space expectation value. For that we have to give an operator representation of the Gaudin determinant. As we show in appendix B, this can be achieved by introducing extra fermionic fieldsψ(u) and ψ(u) defined by
L|ψ(u) = 0 , ψ(u)|R = 0.
(3.10)
The expectation value L,R is extended to operators involving fermionic fields again by the antinormal product convention. The fermionic formula for the Gaudin determinant, which will be the basic technical tool for constructing the effective QFT, reads
(3.11)
With the help of the fermionic formula we write the rhs of (3.7) as
Performing the sum over the multipliticites in (3.11) with the appropriate weights, we obtain the desired Fock-space representation of the partition function,
with the operatorΩ defined bŷ
the contour of integration encircling the real axis anticlockwise.
Remarkably, the integrand is symmetric with respect of exchanging iφ and ϕ. The asymmetry is introduced by the contour of integration which encircles the zeroes of 1 + e iφ only and not those of 1 + e ϕ .
Continuous spectrum approximation
The operator representation (3.13) is justified only when the bare expectation valueφ • = φ is asymptotically large,φ • = Lp(u). Then one can replace in (3.14) with exponential accuracy
Hence the contour integral in (3.14) can be approximated by a linear integral slightly above the real axis, with an extra minus sign because of the orientation of the contour, and the operator representation The expectation value in (3.17) generates the sum over all solutions of the Bethe-Yang equations. Since the scattering phases are of order of L, the rapidities are spaced at ∼ 1/L and the sum can be approximated by an integral up to exponentially small in L corrections.
The graphs in the combinatorial approach of [11] appear as Feynman diagrams when the expectation value in (3.17) is evaluated perturbatively starting with the classical valuesφ • and ϕ • . Denoting by ϕ q andφ q the quantum part of the bosonic fields,
the Feynman graphs are composed of vertices generated by the expansion of the non-polynomial potential log(1 + e −ϕ • −ϕq ), and propagators given by
whereK is the scattering kernel in the mirror theorỹ
The propagators are in general not symmetric and should be represented by oriented lines.
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TBA and tree expansion 3
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Our goal is to replace in the thermodynamical limit L ! 1 the discrete sums by multiple integrals. For that we have first to get rid of the ordering of the quantum numbers. We can insert a factor which kills the configurations with coinciding quantum numbers, after which the sum can be taken over non-restricted integers,
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where by E(n , r ; . . . ; n , r ) we understand the energy corresponding to the solution of the Bethe TBA and tree expansion 3
e RE(n1,n2) 1 2
X n e RE(n,n) + . . .
which can be exponentiated. The general term consists of a sum of m groups of identical mode numbers containing r 1 , . . . , r m elements with r i = 1, 2, . . . . and apart of the combinatorial factor, the weight will physical mirror = TBA and tree expansion 3
which can be exponentiated. The general term consists of a sum of m groups of identical mode numbers containing r 1 , . . . , r m elements with r i = 1, 2, . . . . and apart of the combinatorial factor, the weight will As in any perturbative QFT, the free energy F(L, R) = log Z(L, R) is equal to the sum of all connected Feynman graphs, which are either trees or trees with one cycle. For periodic boundary conditions the fermionic and the bosonic cycles compensate each other and only the trees contribute to the free energy. These trees describe clusters of wrapping particles sketched in Fig. 4 . The generating function for the trees satisfies a non-linear integral equation, which is nothing but the TBA equation for a theory with diagonal scattering [11] .
Excited states in the physical channel
Let us consider the more interesing case of an excited state with rapidities w = {w 1 , ..., .w M } in the physical channel. The excited states in finite volume have the same particle structure as in the asymptotically large volume, but the rapidities of the particles satisfy the so called "exact Bethe equations", which take into account the wrapping effects.
The excited state partition function is obtained by performing in the expectation value (2.8) the sum over all on-shell rapidities v. Equivalently, one can insert in the expectation value in (3.17) N physical wrapping operators with rapidities w = {w 1 , ..., .w M },
(3.21)
The rapidities w must solve the exact Bethe equations in the physical channel, which is equivalent to imposing the operator constraint
with B(w) ≡ e −ϕ(w) . The excited state contributes to the free energy directly by the energies of the N particles as well as indirectly by modifying the Bethe-Yang equations for the rapidities of the virtual particles in the mirror channel. This is taken into account automatically by the expectation value. On the other hand, the mirror wrapping particles from the thermal ensemble backreact by deforming the quantisation condition for the rapidities w. Therefore if we first compute the partition function (3.21) and then determine the exact Bethe roots w from (3.22) , the result may be incorrect.
The proper way to introduce the excited state is as a contour integral which automatically imposes the on-shell condition (3.22) . That is, the product of operators inserted in the expectation value (3.21) should be replaced by a multiple contour integral around the exact Bethe roots. The integrand of the N -fold contour integral contains a Jacobian which can be expressed in terms of the free fermions as in (3.12) , but with ϕ and iφ interchanged. This results in replacing in the expectation value (3.21 
However there is another, more elegant way to impose the on-shell condition, namely by lifting the on-shell condition in the exponent, which allows to write it as a single contour integral,
The equivalence of (3.23) and (3.24) is intuitively clear, but we do not know a simple formal proof. It can be established order by order by expansing the exponential and and evaluating the residues for each term. After inserting the rhs of (3.24) in (3.21) and integrating by parts we see that, in accord with the original Dorey-Tateo prescription, the expression for the excited partition function is obtained by extending the integration, originally along the real axis, by a contour encircling the roots w −γ ,
(3. 25) It happens that in the case of periodic boundary conditions the naïve prescription (3.21)-(3.22) gives the correct result. This is an accident. In more general situations, as in the case of open boundaries in the mirror channel, the operators on the r.h.s. of (3.23) or (3.24) contribute non-trivially to the subleading order, as it was recently discovered in [17, 30] . In the periodic case the subleading contributions cancel completely.
Path integral and localisation
The most transparent formulation of the effective QFT is given by a path integral. As we will see later, the integration measure does not need any regularisation.
To formulate the path integral for the effective QFT one should add, in addition to the fields ϕ,φ, ψ,ψ, two extra pairs of fields, ρ,ρ and ϑ,θ, which define respectively the bosonic and fermionic propagators. The expectation value (3.17) is then given by
whereφ(u, v) denotes the scattering phase in the mirror channel,
As the action of the path integral (4.1) is linear in the fieldsφ andρ, we write it in the form
The fieldsφ andρ play the role of Lagrange multipliers and can be integrated out, giving functional delta-functions. The path integral thus localises to the critical point Aρ = Aφ = 0, u) ).
(4.4)
After excluding ρ and integrating by parts, one obtains the TBA equation for the pseudo-energy ε(u) ≡ ϕ(u),
Furthermore the gaussian fluctuations of the bosons and the fermions completely cancel and the partition function is given by the exponent of the critical action
This paraphrases Pozsgay's argument [16] about the absence of an O(1) term in the free energy. The localisation implies a stronger statement, namely that there are no 1/L corrections to the free energy, see e.g. [31] . The localisation of the path integral is generically a consequence of a fermionic symmetry of the measure. In our case the fermionic symmetry is generated by the nilpotent operators
satisfying the algebra Q 2 =Q 2 = 0, QQ =QQ = 2. The action in (4.1) takes the form of a sum of a term which does not produce quantum effects and a Q-exact "localisation term",
The odd functional B is given by the integral
The path integral with such an action localises at its critical point. The standard localisation argument 5 is that the second term can be multiplied by any constant t without changing the path integral:
(4.11)
The modified path integral
does not depend on the coupling t,
where it is used the fact that the measure is Q-invariant to perform the integration by parts. Taking the limit t → ∞ one obtains
(4.14)
The condition QB = 0 selects the critical point (4.4).
The above argument holds also in the case of an excited state in the physical channel, in which case the action contains an extra term iφ(w −γ 1 ) + ... + iφ(w −γ N ) and critical point determined by the TBA equation in presence of an excited state,
Here we used that, thanks to the localisation property, the functional variables can be considered as holomorphic functions of the variable u and thus can be analytically continued in a strip around the real axis. The critical action is given by the well known expression for the excited state free energy
In the case of open boundary conditions one obtains a one-loop exact path integral, with the gaussian fluctuations contributing to the subleading term in the free energy. The one-loop contribution then is given by the sum over the trees with a cycle in the graph expansion developed in ref. [33] . 5 See e.g. the recent review [32] .
14 For concrete integrable models of QFT, the path integral representation (4.1) can be transformed further to reveal more of the integrable structure. Here we examine the Sinh-Gordon model, described by the Euclidean action
The model depends on the dimensonless parameter b and the coupling constant µ of dimension [mass] 1+b 2 . This is the simplest non-compact integrable model. The thermodynamic Bethe Ansatz for the sinh-Gordon model was formulated by Al. Zamolodchikov [34] and S. Lukyanov [35] , who derived functional equations for the TBA pseudo-energy and related functions. More rigorous approach based on an integrable lattice regularization was developped in [27, 36] . Some recent developments concern the computation of the one-point functions [37] and diagonal form factors [38] . As a scattering theory, the sinh-Gordon model involves a single massive relativistic particle whose mass m is determined by the coupling constant µ. If the energy and the momentum are parametrised by the rapidity u as
then the two-particles S-matrix is given by a product of two "universal" S-matrices,
with the shift parameter a related to the dimensionless parameter b by
The "universal" scattering kernel
satisfies the difference equation
It proves to be very helpful to represent the shifts of the rapidities as the result of the action of powers of the analytic difference operator
Then the relations (5.3) and (5.6) can be written as
Formally the sinh-Gordon scattering kernel K = −i∂ u log S = (D a +D −a )K 0 represents the operator
acting on the meromorphic functions defined in the rapidity complex plane. We can also invert this operator paying attention to the fact that both K and K −1 have non-trivial null spaces. For example, the energy and the momentum (5.2) belong to the null space of the operator D + D −1 . Now let us formulate the path integral of the effective QFT for the sinh-Gordon model. Replacing in eq. (4.1) the expression for the sinh-Gordon scattering matrix in the form (5.8), we have
The components of ρ andρ in the null space of the operator D + D −1 impose the asymptotic conditions at infinity
We will impose instead these boundary conditions by hand and simultaneously restrict the functional integration in ρ andρ to the space orthogonal to the null space of the operator D + D −1 . We assume that the fluctuating field variables can be analytically continued in the strip | u| < 1/2, so that they can be acted on by the shift operators D ±1 . The property (5.8) of the universal kernel can be used to simplify the integral. After a change of variablesρ = (D + D −1 )χ,θ = (D + D −1 )ξ, (5.14) the action takes a quasi-local form
The fields ρ and ϑ can be integrated out giving the constraintsφ =φ • + (D a + D −a )χ andψ = (D a + D −a )ξ. As a result the action for the path integral simplifies to Sometimes functional equations as (5.18) offer a more effective tool for accessing the solution than the integral TBA equation. The method of the "Quantum Spectral Curve" [39, 40] , based on a set of functional equations for Baxter's Q-functions, proved to be very successful in the AdS/CFT integrability. The Q-function, introduced for the sinh-Gordon model in [34] and [35] , is related to the critical value of the bosonic field by ϕ = (D a + D −a ) log Q. The discrete Liouville equation implies for the following functional identity for the Q-function, 20) which can be formulated as a bilinear equation
Al. Zamolodchikov [34] showed using these functional equations that Q(u) and Y (u) = e ϕ(u) are entire functions of u and that the Q-system (5.21) implies periodicity for the T-functions defined as
namely (D a − D −1 ) T = 0, which implies that T (u) is a single-valued function of ζ 2 = e 2π(1+b 2 )u with essential singularities at ζ = 0 and ζ = ∞.
Concluding remarks
In this paper we gave the Thermodynamical Bethe Ansatz a more familiar to particle physicists formulation based on an effective QFT defined in the rapidity plane (or Riemann surface). The elementary excitations of the effective QFT correspond to particles wrapping the two main cycles of the torus. The connected vacuum Feynman diagrams for the effective QFT are in one-to-one correspondence with the graphs in the exact cluster expansion for the free energy worked out in [11, 12] . An intriguing feature of the exact operator representation of the sum over mirror wrapping particles, eqs. (3.13)- (3.14) , is that the two logarithmic factors in the integrand have similar form, although they were derived by completely different arguments. Integrating by parts and shifting the integration variable as u → u −γ gives the original integrand with A and B exchanged. This remarkable fact means that if we take the opposite limit, R large and L finite, and write a similar free-field representation, it will have the same form as (3.13) up to the choice of the integration contour, which this time should encircle the singularities of the factor log(1 + B). It is not excluded that the representation (3.13) can be used as a starting point to attack the problem with finite R.
We restricted ourselves to the simplest possible scattering theory with only one neutral particle. This restriction is not very important and there are no conceptual difficulties in generalising the construction to more interesting cases of non-diagonal scattering and bound states in the physical/mirror channels, once the Bethe-Yang equations are diagonalised by the Nested Bethe Ansatz [41] . There is however a subtle point which is not yet well understood. The diagonalisation involves auxiliary particles of magnonic type with zero momentum and energy. The auxiliary magnons should be treated in exactly the same way as the momentum-carrying particles, although this is justified only if the number of the momentum-carrying particles is large. Nevertheless this prescription seems to reproduce correctly the Lüscher corrections for periodic [42] and even for open [33] boundary conditions. Apart of this subtlety the generalisation is straightforward. A pair of wrapping operators will be associated with each node of the Dynkin graph. The partition function (possibly with excited states in the physical channel) can be reformulated in terms of a path integral, which localises to a critical point determined by the TBA equations.
The effective QFT description might be useful in computing a class of correlation functions in the AdS/CFT integrability. For example, the "simplest" four-point function studied in [43] [44] [45] [46] [47] can be formulated as an effective CFT of real fermions living on the rapidity Riemann surface [48, 49] . In this simplest case the world sheet splits into two or more disks (octagons).
In general, the world sheet for a correlation function of n single-trace operators has the topology of a sphere with n punctures. Such world sheet hosts a negative curvature (2 − n)π distributed among n − 2 curvature defects represented by the so called hexagon operators [50] . In this case the A and the B operators of the effective QFT will be associated with a system of A-cycles and B-cycles of the world sheet, the A-cycles connecting pairs of punctures and the B-cycles connecting pairs of hexagons.
In [50] and in a series of subsequent works the correlation function is expressed as an integral over the mirror particles wrapping the B-cycles. The integral is divergent as a consequence of the infinite length of the A-cycles and requires regularisation. For a single pair of mirror particles, this divergency has been taken under control by a point-splitting regularisation of the integral over the rapidities [51] , but it is not clear how to proceed in the case of several mirror particles. Assuming that the effective CFT description can be generalised to this case, the on-shell condition associated with each (asymptotically large) A-cycle would give an unambiguous prescription about how to regularise the contribution of arbitrary number of mirror magnons. of [51] and denote by u γ the endpoint of the path which can live in a different sheet of the rapidity Riemann surface. For a pedagogical explanation see [52] . For a relativistic field theory one can set p = m sinh(πu), E = m cosh(πu), u nγ = u + i n/2 (relativistic QFT). We do not suppose that S(u, v) is a function of the difference of the rapidities. We also assume that S(u, u) = −1, (A.5) since this is the case with all known scattering theories excepr the free bosons. The S-matrix in the mirror channelS
shares the same properties.
B Operator representation of the Gaudin determinant
Here we will give the operator representation of the determinant of any matrix of the form
The determinant of the matrix (B.1) can be represented as an expectation value of a product of m operators composed of the bosonic and fermionic gaussian variables, which we denote respectively byφ j , ϕ j andψ j , ψ j , with j = 1, ..., m. If the non-zero bosonic and fermionic correlations are given by
(B.3) 6 A detailed derivation is presented in [12] where it was used to give a compact proof of the matrix-tree theorem.
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The fermionic and the bosonic variables will be considered as specialisations of the bosonic and fermionic fields whose correlation functions given by the scattering phases 
